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Abstract In this work, a general definition of convolution between two arbitrary Ultradis-
tributions of Exponential type (UET) is given. The product of two arbitrary UET is defined
via the convolution of its corresponding Fourier Transforms. Some examples of convolution
of two UET are given.

Expressions for the Fourier Transform of spherically symmetric (in Euclidean space) and
Lorentz invariant (in Minkowskian space) UET in term of modified Bessel distributions are
obtained (Generalization of Bochner’s theorem).

The generalization to UET of dimensional regularization in configuration space is ob-
tained in both, Euclidean and Minkowskian spaces

As an application of our formalism, we give a solution to the question of normalization
of resonances in Quantum Mechanics.

General formulae for convolution of even, spherically symmetric and Lorentz invariant
UET are obtained and several examples of application are given.

1 Introduction

The question of the product of distributions with coincident point singularities is related in
Field Theory, to the asymptotic behavior of loop integrals of propagators. From a mathe-
matical point of view, the question reduces to define a product in a ring with zero-factors.
As is known, the usual definitions lead to limitations on the set of distributions that can be
multiplied together to give another distribution of the same kind. The properties of tem-
pered ultradistributions (Refs. [1, 2]) are well adapted for their use in Field Theory. In this
respect we have shown (Refs. [3-5]) that it is possible to define the convolution of any pair
of tempered Ultradistributions, giving as a result another tempered Ultradistribution.
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Ultradistributions also have the advantage of being representable by means of analytic
functions. So that, in general, they are easier to work with them and, as we shall see, have
interesting properties. One of those properties is that Schwartz’s tempered distributions are
canonical and continuously injected into tempered Ultradistributions and as a consequence
the Rigged Hilbert Space with tempered distributions is canonical and continuously included
in the Rigged Hilbert Space with tempered Ultradistributions.

A further step is to consider Ultradistributions of Exponential Type (Refs. [1, 6]), and
to define a convolution product between any pair of them. This is made in this paper to-
gether some examples and applications. In this case Schwartz’s tempered distributions and
Sebastiao e Silva’s tempered Ultradistributions are canonical and continuously injected into
Ultradistributions of Exponential Type and as a consequence the Rigged Hilbert Spaces
with tempered distributions and tempered Ultradistributions are canonical and continuously
included in the Rigged Hilbert Space with Ultradistributions of Exponential Type.

Furthermore, Ultradistributions of Exponential Type are adequates to describe Gamow
States and exponentially increasing fields in Quantum Field Theory as we show in this paper.

This paper is organized as follow: in Sect. 2 we define the Ultradistributions of Expo-
nential Type and their Fourier transform. They are part of a Guelfand’s Triplet (or Rigged
Hilbert Space [7]) together with their respective duals and a “middle term” Hilbert space.
In Sect. 3 we give a general expression for the Fourier transform of a spherically symmetric
Ultradistributions of Exponential Type (UET) and some examples of it. In Sect. 4 we ob-
tain the expression for the Fourier transform of Lorentz invariant UET and we give some
examples of their use. In Sect. 5 we give the generalization to UET of “dimensional reg-
ularization in configuration space” obtained in Refs. [5, 8]. In Sect. 6 we give the general
formula for the convolution of two UET and some examples. In Sect. 7 we give a solution
to the question of normalization of Gamow states. We give as example the / = 0 state of
Square-Well potential. In Sect. 8 we present the formula for the convolution of two even
UET, and various examples. In Sect. 9, we give the general formula for the convolution of
two Spherically Symmetric UET and several examples. In Sect. 10 we treat the final topic
of this paper: the formula for the convolution of two Lorentz Invariant Ultradistributions of
Exponential Type. We obtain it and give examples of their use. Finally, Sect. 11 is reserved
for a discussion of the principal results.

2 Ultradistributions of Exponential Type

Let S be the space of Schwartz of test functions rapidly decreasing. Let A; be the region of
the complex plane defined as:

Aj={zeC:|3@)I<j:jeN}L 2.

According to Refs. [1, 6] the space of test functions ¢3 € %G; is constituted by all entire
analytic functions of S for which

161, = max{ sup (/" iGO )1} 22

=) YzeA;

is finite.
The space 3 is then defined as:

3=, (2.3)

Jj=0
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It is a complete countably normed space with the topology generated by the system of semi-
norms {|| - || j} jen. The dual of 3, denoted by B, is by definition the space of ultradistributions
of exponential type (Refs. [1, 6]). Let & the space of rapidly decreasing sequences. Accord-
ing to Ref. [7] & is a nuclear space. We consider now the space of sequences ‘3 generated

by the Taylor development of pe3

N

o 910 7O :

‘B={D:D(¢(O),¢(O), I R tpEIt. (2.4)

The norms that define the topology of 3 are given by:

A n?f .
lloll, = sup ' 19" (0)]. (2.5)
P is a subspace of G and therefore is a nuclear space. As the norms || - ||; and || - ||;) are
equivalent, the correspondence

3=y (2.6)

is an isomorphism and therefore 3 is a countably normed nuclear space. We can define now
the set of scalar products

G V@)= / PG ()9 () d
q=0""%

= / ~ G @ ()5 @ (x) dx. 2.7)
q=0""%

This scalar product induces the norm

1617 = [ x), )12, 2.8)

The norms || - ||; and || - ||’/ are equivalent, and therefore 3 is a countably Hilbertian nuclear
space. Thus, if we call now 3, the completion of 3 by the norm p given in (2.8), we have:

3=()3 (2.9)
p=0
where
3y=H (2.10)

is the Hilbert space of square integrable functions.
As a consequence the “nested space”

U=(3,H,5B) (2.11)

is a Guelfand’s triplet (or a Rigged Hilbert space = RHS. See Ref. [7]).

Any Guelfand’s triplet & = (@, H, @) has the fundamental property that a linear and
symmetric operator on @, admitting an extension to a self-adjoint operator in H, has a
complete set of generalized eigenfunctions in @ with real eigenvalues.
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B can also be characterized in the following way (Refs. [1, 6]): let &, be the space of all
functions £ (2) such that:

@d I:“(z) is analytic for {z € C: |Im(z)| > p}.

() F(z)e ?™M®I/zP is bounded continuous in {z € C : |Im(z)| = p}, where p =
0,1,2,... depends on ﬁ(z).

Let 9t be: N = {ﬁ () €€,: F (z) is entire analytic}. Then ‘B is the quotient space:

dm B =¢, /M.

Due to these properties it is possible to represent any ultradistribution as (Refs. [1, 6]):

F(¢) = (F(2), $(2)) = f F(2)¢(z)dz (2.12)
r

where the path I'; runs parallel to the real axis from —oo to oo for Im(z) > ¢, ¢ > p and
back from oo to —oo for Im(z) < —¢, —¢ < —p. (I" surrounds all the singularities of ﬁ(z).)

Formula (2.12) will be our fundamental representation for a tempered ultradistribution.
Sometimes use will be made of “Dirac formula” for exponential ultradistributions (Ref. [1]):

N B f@ _ cosh(Az) [ f@
Fo=am ) =29= o /,oo «—2ycoshin & @13
where the “density” f () is such that
f F)p(z)dz = / Fd@ar. (2.14)
r —00

(2.13) should be used carefully in this case. While ﬁ(z) is analytic on I", the density f(t) is
in general singular, so that the r.h.s. of (2.14) should be interpreted in the sense of distribution
theory.

Another important property of the analytic representation is the fact that on I, F(z) is
bounded by a exponential and a power of z (Refs. [1, 6]):

|F ()| < Clz|Per™ @) 2.15)
where C and p depend on F.

. The representation (2.12) implies that the addition of any entire function G(z eM) to
F (z) does not alter the ultradistribution:

% {ﬁ(z) + G(z)}@(z) dz= % I:*(z)dg(z) dz + 7§ é(z)dg(z) dz
r r r
But:
f G@p)dz=0
r

as G(Z)(lg(z) is entire analytic (and rapidly decreasing),

7{ (F@) +G@)p@) dz = 7§ F)d() dz. 2.16)
r r

Another very important property of ‘B is that ‘B is reflexive under the Fourier transform:

B = F (B} =F{B} 2.17)
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where the complex Fourier transform F (k) of F (z) € B is given by:

F(k) = O[3(K)] f F()e*dz — 0[-3(k)] | F(2)e*dz
Iy

I—
00 0
= @)[:s(k)]/ Fx)e™ dx—@)[—i‘s(k)]/ Fo)e*™ dx. (2.18)
0 —00

Here I, is the part of I” with R(z) > 0 and I_ is the part of I" with i (z) <0. Using (2.18)
we can interpret Dirac’s formula as:

Fly=— [~ L

— —1
i _Oos_kds=}'c{f {f}} (2.19)

The treatment for ultradistributions of exponential type defined on C" is similar to the one-
variable. In this case

Aj=(e=Griaez) €T 3@OI < 1 <k <), (2.20)
191 = max{ sup e/ X5 ") DOG(o) 1) (2.21)
k<j €A

where D® = gkt ... gtka) ko —f; +ky +--- + k.
B is characterized as follows. Let &, be the space of all functions F (z) such that:

(I') F(z) is analytic for {z € C" : | Im(z))| > p. |Im(z2)| > p, ..., |Im(z,)| > p}.
(V) F (z)e 1P Xi=1 M)/ 2p is bounded continuous in {z € C" : | Im(z1)| = p, | Im(z2)| =
p,...,|Im(z,)| 2 p}, where p=0,1,2, ... depends on I:"(z).

Let O be: 91 = {I:" () e &, : F (z) is entire analytic at minus in one of the variables
zj1 < j < n}. Then ‘B is the quotient space:
IIr’) B = €,/M. We have now

F($)=(F(2),$(2)) = 7{ F()¢()dz1dzs - dz, (2.22)
r

I'=T7UTI,U..-UT, where the path I'; runs parallel to the real axis from —oo to co
for Im(z;) > ¢, ¢ > p and back from co to —oo for Im(z;) < —¢, —¢ < —p. (Again I"
surrounds all the singularities of a (z)). The n-dimensional Dirac’s formula is

ro=— [T o
PO = o | e a e @2

where the “density” f (¢) is such that
A A o0 ~
f F@)¢(2)dzidzy - - dz, =/ fO¢@) dtyde,---dt, (224
r —00

and the modulus of F (z) is bounded by
|F(2)] < C|z|PelrZi=t PN (2.25)

where C and p depend on F.
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3 The Fourier Transform in Euclidean Space

We define a spherically symmetric ultradistribution of exponential type F(z) as a ultradis-
tribution of exponential type such that f (#) in (2.23) is spherically symmetric (Note that
a spherically symmetric ultradistribution is not necessarily spherically symmetric in an ex-
plicit way). In this case we can use for the Fourier transform of f (t) the formula obtained
in Ref. [5]:

o2
Fip) =" ”)

/ f(x)x = HCIR v(p)]e K., 2(_lxl/z 172

- @[—%(p)]e%cﬂ (ix'2p'?)}y dx

J

+2”72/ FOOXT Sus 2 (x12p?) dx. SRY
NG ’

T2

v—2 1s null. In fact

. 2-v
When v = 2n, n an integer number p ¥ S,— 2

v=4
2

IS

v—

(B—m)! v=2-4m  4m+2-v = 2m+2-v
o=y 24 T x 1 o p 2 =0 (3.2)
02

4

2—v
pF S
2 m!

m=0

that is null in the complex variable p in a space of dimension v = 2n. Thus in this case the
second integral in (3.1) vanishes and it becomes in:

(27t )_

F(p) = / F@x F1O13(0)le K ua (—ix'p!12)

- @[—S(p)]e’?"lc%z(lxl/z p/H1dx. (3.3)

In the next section we shall see that formulae (3.1), (3.3) can be generalized to Minkowskian
space.

When f is a spherically symmetric, we can use (3.3) to define its Fourier transform. In
addition for v = 2n we can follow the treatment of Ref. [9] to define the Fourier transform.
Thus we have

/ FO)$(0)p' T dp = 27)" /0 Fd0ox' T dx. (3.4)

The corresponding ultradistribution of exponential type in the one-dimensional complex
variable p is obtained in the following way: let g(¢) defined as:

0= [ 1@ ap. (3.5)

Then:
(o) 0
F(p) = O[3(p)] f g(t)e” dt — O[-3(p)] / gy dt (3.6)
0 —00
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or if we use Dirac’s formula

F(p)= L h Ma’t. (3.7)
270 J_ ot —p

The inversion formula (v = 2n) for F(p) is given by
A v=2
fO=—5— 7§ F(p)p & Ju2 (x'?p'?)dp. (3.8)
r

Note that the part of the integrand that multiplies to F(p) is an entire function of p for
v = 2n. In this case the first term of (4.13) take the form:

$ Fo000F dp = [ FodeonF ax (39)
We give now same examples of the use of Fourier transform.
3.1 Examples
As a first example we calculate the Fourier transform of
27O[3(z1)1O[3(z2)]- - - O[3(z,) ] cosh(ay/ 23 + 23 + - - - + 22) (3.10)
where a is a complex number for v = 2n. From (3.3)

v—2
2 2 © v— iy
Fpy=F / cosh(ax )x T (O[3 (p)le™ T KCuza (—ix'2p!12)
p 0

— @[—S(p)]emTvlC¥(ixl/zpl/z)dx}. (3.11)
Now:
%l v=2 . 172 1)2
e XTI Ku2 (—ix/ p %)
0 2
v—2

invd) (V) p 3
=2 4
VT e i

—1 12
x F v,v ’v+3,a l,p , S(p)>0
2 2 Ta+ip'/?

(3.12)

o0
12 v=2 .
/ e x ICuEz(lxl/zpl/z)
0

_in(42) I'(v) ,OU%2
r(53) (07 +ia)

v—1 v+3 a+ip'? N
X F(V7 2 ’ 2 ’a—ipl/z ’ ‘S(p) <0‘

=2Jme
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To obtain (3.12) we have used 6.621, (3) of Ref. [10] (Here F is the hypergeometric func-
tion). Then we have:

v T 1 -1 3 a—ip'?
Fp) = () 712 S O
r) (pV? —ia) 2 2 Ta+ip'/?
1 v—1 v+3 a+ip'?
+(p1/2+ia)F<v’ 2 2 a—ip 2] (3.13)

As a second example we evaluate the Fourier transform of

v 2
27 O[3 ENIOE)] - O3 ) s (2 4 B+ 2D T
<2n)
X Jua @+ + -+, (3.14)
ir(v=2)

We take into account that for v even 7, 2 =e 7 J. 2. Thus:

M% in(v=2) 2 o i
F(o)=——e > pT/ Taoo (uxH{O[3(p)]e™ 5 Koz (—ix!?p!/?)
Vi 0 P 2
- @[—3(p)]e”fT"zcv2;z(ix1/2p‘/2)}dx. (3.15)
Now:
= 12 S 12 172 Z@-w)  2-v p%z
Tosw (ux K2 (ix p i F)dx =e 3 2 5 S(p) >0,
0 e (3.16)
* 12 1212 Limew 2w P T
Tooo (ux"Ko2 (ixPpPydx = e 7 p2 = S(p) <0
, 2 2 p— W
where we have used 6.576, (3) of Ref. [10]. Then we have:
F(p) = ! (3.17)
D= it — 1y '

4 The Fourier Transform in Minkowskian Space

We define a Lorentz invariant ultradistribution of exponential type F (z) as an ultradistrib-
ution of exponential type such that f (t) in (2.23) is Lorentz invariant (Note that a Lorentz
invariant ultradistribution is not necessarily Lorentz invariant in an explicit way). In this case
we can use for the Fourier transform of f (t) the formula obtained in Ref. [5]:

[ +i0)'2p'12)

F(p) = (27)'T / f(x){@[\s(p)]

con 22
in0-2) (x+i0) =
—— K2
L 2
o

v=2
-ersp =0T
7

Koali(x —i0)1/2p‘/2]}dx. 4.1)
P
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Here we have taken p =y +io and

/ /2 2 _ /2 2
p'? = V+++G+i5gn(a) #. (4.2)

When f is Lorentz invariant, we can use (4.1) or adopt the following treatment: starting

from
/// F(P)p(p, k") dk = (271)“//// FeOdx, x%d*x 4.3)

we can deduce the equality:

[ r@0e0@ -0 dpar = [ Fdeatii - T avar’. @

Let g(¢) be defined as:

0= [ 1@ ap. *5)
Then:
Fo=0101 [ g0 a—ot-3m1 [ awea +6)
or if we use Dirac’s formula
F(p)=i, h Mdt. “.7

270 J_ ot —p

The inverse of the Fourier transform can be evaluated in the following way: we define

v—=2
A 1 im(v—. A S
Gx, A) = —55 F(p){e—(4 2PN T g i+ i0) (0 + )P
Qm)y > Jr x+i0)yT ?
v—=2
in@-v —A)F
4o P T e = i0)2(0 — A)l/z]} dp 4.8)
x—i0) = ?
then
fx)=G(x,i0"). (4.9)
We give now same examples of the use of Fourier transform in Minkowskian space.
4.1 Examples
As a first example we consider the Fourier transform of the ultradistribution
2"0:3(20)10[3(22)] - -+ @[S(val)][COSh(a\/k(z) - ==z
tcosay/123 — 22— — 2] (4.10)

where a is a complex number.
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The cut along the real axis of (4.10) is:

2—1[ea«/\x[2)—r2| +e—a«/\x(2)—r2| +eia4/|xg—r2\ +e—ia4/|x(2)—r2\]- (411)

The Fourier transform is:

F(p) — (2]_[)%/ |>c|2 A/|x07r +efa4/\x07r +eta4/\x07r +e*1a4/|x07r \]
—00

-2
{O[\s(p)]elm 2) MKJ%[—I'(X-FI.O)IHPI/Z]
o7
(x —i0)'T
in2-v) (X —1
—O[=3(p)le T T K%[i(x—iO)l/zpl/z]}dx. 4.12)
p

Now:

e#/ 12 (x 4i0) K w2 [—ix +i0)'2p' ]

, T 2 —1 3 a—ip'l?
PN RAL) elwu(,“ i3 a—ip )

res) (o2 - 272 Ta+tip'?

@) s v—1 v+3 a+p? N
r) (p2+ay ( 32 a— ) J(p) >0, (4.13)

-2 7

ur(z in(2—v) 0 am% oy 22 . cn1/2 172
e e (x —i0) = ICUEz[l(x—lO) p ']
—00

i JE rw) % <’V—1 v+3 a+ip1/2>

) (o2 +iay 22 Ta—ipl”

r'(v) e v—1 v+3 a+p'/? N
2 (o2 +ay ( , ) , S(p)<0. 4.19)
2

—23 %

2 7 2 Ta—pl2

For to obtain (4.13) and (4.14) we have used 6.621, (3) of Ref. [10]. With these results we

have:

v—=1 v+3 a tpl/z

(4m)'T (v Fv,'54, 532 b
2 r@?ie[@” [ (P —ia)’

)

F(p) =

v=1 v43 a+ip!/? v—=1 v43 a—p!/? —1 v43 atp'/?
F(u 55 52 50 FO 5 2 000y Fo 5 42 52

(' +ia) (P +ay” PP =)

v—=1 v43 a+p]/2 -1 v4+3 a pl/z v—1 v4+3 a zpl/z
Fo. 55 om)  Fo, SR ) _Fo. 5 5 )

(p1/2+a)v (pl/2_a)v (pl/Z_;r_l'a)v

v—=1 v43 a+tpl/2
2 0 a—ipl/?

(' +ia)

12
72

)

— v+3  a+ip
F(v, 551, 08 o ”

(' —ia)

iy F( ’
] —O[=(p)le” = |:
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—1 v43 12 v=1 v43 a+ - 3 12
FQv, =5, iﬁz_'_izl/z) F(v, T,%:a pl/z) F(v, T’%’Z-%—ZW)
(' = ia)’ (72 =y (P +a)
_ 12 _ 172 _ 172
Fv, 5 52, a+pl/z) F(v, 534, 5, Z+ﬁ1/2) Fv, 5 52, Z+i£1/2)
(p'*+a)’ (p'? —a)’ (p'*+ia)”
—1 +3 a+zpl/
F(V, VTs U2 S a— lpl/Z) 415
72 _ 4.15)
(p ia)

As a second example we evaluate the Fourier transform of the ultradistribution (v = 2n):

- (=D2ip* N R
F(@)=———5—0[[R@)]O[R ()] — O[3(zy-1)]
pAY AN
00 1)k 2k s kk
x Y = gfo 4o 4.16)
— 22k(k) T (v + k)
The cut along the real axis of F(z2) is:
f) = fule) = fux) 4.17)
where
v=2
A T RHZT 2w 12
=—— ~X T2 . 4.18
Ju(x) 5 (zn)%x Toge (ux ) (4.18)
Observe that
o im /,L
fux) = w,(x) = ———.,x+ "o 2 (i) (4.19)
2 (2m)2
is the complex mass Wheeler’s propagator. Then according to (4.1)
v=2
i(w)z [ O3 im(—
F(p)=—l(u) / Jﬂ(ux]/z){%[e K uma (—ix ')
4 0 2 0T 2
+e T ()] = O1-3(P)le T K ix'2p!2)
in(2— u) 1/2 1/2
+e 7 u 2 (x )¢ dx (4.20)
Taking into account that (See 6.576, (3), Ref. [10]):
o 2—v  in(6-v) p%z
/ T XD (—ix P p V) dx =2 T ¢ 3 >, S(p) >0,
0 2 2 pP—H

= 1/2 1/2 172 in(y=6) /OUZZ
| T R @0y dx =2 L sy <0, @2
0 2 2 pP—K

> 1/2 12 1/2 2-v /OUXZ
\_727\/ X ICI)—Z X dx:z 27—
fo 2 0K (P! de =20 F
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we obtain:

1 cosh (*5= ):|

Flp)=3 Sgn[?s(p)][p St (4.22)

5 The Generalization of Dimensional Regularization to Ultradistributions of
Exponential Type

Let (z) and G(z) be ultradistributions of exponential type such that their cuts along the
real axis are f (x) and g(x). We suppose that F (z) and G(z) are spherically symmetric in
Euclidean case or Lorentz Invariant in Minkowskian space. If we use the dimension v as a
regularizing parameter we can define the convolution of F(p) and G(p) as:

F(p,v) % G(p,v) = Qm)" F{f (x, 1§ (x, v)}. (5.1
5.1 The Euclidean Case

As an example of use of (5.1) in Euclidean space we consider an ultradistribution of ex-
ponential type F (z) such that f (x) is defined in the point a > O of the real axis and take
the value f (a), with the ultradistribution G(z) whose cut along the real axis is §(x — a)
According to (3.1) we have

F{F}Y(p) = F(p), (5.2)

Fod(x —a)} =G(p)

v=2
27[ = imv
= \,),2 a FLOIN(p)le” T Koz (—iap!P?)
pE

— O1-3(p)le T Koz (ia"2p"/2)

P AT (5.3)
res?es P
Due to
Ff@8(x —a)} = f@F3(x —a)} = f(@)G(p) (5.4)
we have
F(p)* G(p) = 2m)" f(@)G(p). (5.5)

5.2 The Minkowskian case

‘We consider

1 ho (252
+cos (55 :| (5.6)

i
F(p)=G = — Sgn[3J
(p) =G (p) =5 Senl (p)][p_u2 Py
From (4.17) we have

f(x)zg(x): ﬂ( M) [JC+T 2(Mx )—xT

12
7 o)t Tz (ux1. 57
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Then

@m)'FT 3=V e e
F(p)*G(p) = S r )¢ e Sgn[J(p)]
2

2 2y 23 2 2,23
x [(p7=2pu") 2 +(p"+20p7) 7 ] (5.8)

To obtain (5.8) we use

/ T2 (12) T2z (2 X) K o2 (x2) dx
0 2 2 2

ey T

=- \FT—H[&H/LHM%Y—M@]? (5.9)
T 277 (Uipa) T
and to deduce (5.9) we have used:
=2
1(zx\ 2 C oy 22
IC%z(xz):E > t 2e i dt. (5.10)
0

(See 8.432 (6) of Ref. [10]).
We proceed now to the calculation of the convolution of two ultradistributions of expo-
nential type.

6 The Convolution of Two Ultradistributions of Exponential Type

The convolution of two ultradistributions of exponential type can be defined with a change
in the formula obtained in Ref. [4] for tempered ultradistributions. Let here be

. —X —A
H,, (k) = L% [2cosh(y ki)™ F (ki)[2 cosh(yk,)] G(kz)dk1 k.
2 rJn k—kl —k2
6.1)
~ ~ . : T . T
IS > [Sk)| + I3k)[5 ¥ < mm<2|3(k1)|’ 2|S(k2)|)'

With this value of y the hyperbolic cosines has not singularities in the integration zone.
Again we have the Laurent (or Taylor) expansion:

Hy; (k)= H" (kA" (6.2)

where the sum might have terms with negative n. We now define the convolution product as
the A-independent term of (6.2)

(F%G)(k)=H (k)= H" (k)= H” (k) (6.3)

that is y-independent.
To see this we consider a typical integral term in (6.1)

1:/°° _ Fkxio) (6.4)
. [coshy(k+io)]*
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with
|F (k)| < Alk|Pe?™ O, (6.5)
Then I has the value

oo

. efc(nfpfl) e2c a 1( ,U)
I=evD) 3 apo) S —ap i (po) -+ R
n—p-—1 2 Ly
n=Ln#(p—1,p+1)

(6.6)

Thus the A-independent term of I does not depend of y. As (6.1) is composed by sums and
products of integrals of the type (6.4) we conclude that (6.3) is true.

6.1 Examples

As a first example we consider the convolution of two exponentials. Let be:
otk bk
Fk) =Sgnl3(k)]—. G k) =Sgn[3(k)]—- (6.7)

(a and b complex). Then

Sen[3(k et Sgn[3(ky) e
Hi =g ﬁ ?gr Reosh(rknT [2cosh (k)T (k — ki —ka) ¥ 4K

k1 bk o
T on f/,oo [2 cosh(yky)]*[2 cosh(yky)]* (k — ki — kz)d 1dk; (6.8)

or

H,, (k) = As(k)] oK1 bk pi (k=K1 —k)1 e
" —00 (eyk] +e” Vkl))‘(el/kz + e vk 2) 1 G&R2

@ & k 00 aky ,bky ,i(k—ki—kp)t
—M/ /f ¢ ¢¢ dkydkodt.  (6.9)
2r —00 —oo (

evki  e=vki)h(evky 4 e=vk2)A

To evaluate (6.9) we take into account that

yhta=it

/OO e(a—it)kl " 1 /oo y 2y J
e @ ey T 0 Ty P

B LF(V)»-;;—it)F(VK;;-Ht) (6 10)
T2y () ' '

1 - o0 Ada—it A—a+it
Hﬂ("):m{@““‘”/o F<y 2y )F(V 2y l)

A+b—it A—=—b+it)\ .
x I YA+ ! r 14 + e dr
2y 2y

Then
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0 . .
A — it A — t
—@[—%(k)]/ F<J/ +a—i >F<y a+i )
—00 2y 2y

AL+b—it A—b+it) ;
w (VAT (VAT DI iy, 6.11)
2y 2y

and using the equality ([10], 3.381, 4)

/ X" le M dx = puT I (v) (6.12)
0

and performing the integral in the variable ¢, we have for (6.11)

(o] y)Hra yk—a_l j 253 1 yA=b 1
— 2 —sy . 2y —s3 . 2y —s.
H,, (k) = //// e s, e e 3y e %
4 8my2r2(x) 2 3 4

7Hdsld52dS3dS4 (613)
k—i-ﬁl (s?s;‘)
As
1 > k n an 1 §o
17%=Z(l I,) 3k,15[k1e+2—1n<ﬂ>} (6.14)
k+$] (5153) w— v R 4 5183

where (k = kg +ik;) and

[kR + 1 (st“)] = ﬂe*’”’wa(u - ﬂe*m) (6.15)
2y 5153 $2 52

we obtain

. (k) B i (ik])n Pl ekR(b—yA) ////oo 2y/»+ll b _ L
Tl bk Amiy T2

boa g ,(~V1S3 —2yk
L

X szzy eqzsA le T R)dsldszdS3 dsy. (6.16)

After to evaluate the four-fold integral H,, take the form:

kb+y2) —b+2yAr b— 2y
Hys (k) = —— p(4=2Erty (2 tly
Amiy I (2)) 2y 2y
b —
x F<A+—a,k,2k;1—ezyk>. (6.17)
2y
When a # b
lim H,; (k) = 0. (6.18)
Whena =56
keka
lim H,, (k) = — =0 (6.19)
0 27
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and then H (k) is the null ultradistribution Thus we have finally:
ok obk
Sen[J (k)] — * Sgn[J (k)] — =0
2 2
and Fourier antitransforming
8(z—a)s(z—b)=0. (6.20)
As a second example we consider the convolution of two complex Dirac’s deltas:
F(k)= G(k) = ! (6.21)
- 2mitk—a)’ -~ 2mi(k—b)’ '
We have
i i i
H,, (k) = —
k)= ?gﬂ 7% 27 (ky —a) 27 (ko — b)
2 cosh(yk;)]*[2cosh(yky)]~*
o [2cosh(yki) ™" [2cosh(y ky)] dky dky 6.22)
k—ky —ky
_ 1 cosh(ya)]~*[2cosh(yb)]~* 623)
2 k—a—>b
and as a consequence
H(k) = ! ! (6.24)
" 2mik—a—b '
or
Stk—a)*x8(k—b)=68k—a—Db) (6.25)
and in the configuration space:
SEnlS(@)] . SEnl3@] 4. _ SenlS@] e 626)
2 2 2
Formula (6.1) can be generalized to v dimensions:
H () = iv y{ [T)=i[2cosh(y;ki ;17" [2cosh(y,ks;)] i
" @) I Jr, T2k — kij —kaj)
x F(k1)G(ky)d" ky d"k, (6.27)
. b4 T
yj < mm( — ;—— )
213Ukl 28k
As in the one-dimensional case
H,; (k) = Z )“’1”)\’212 . kﬁu;H(n1+ﬂ2+~“+nu)(k) (6.28)
ny,ng,....ny
and again
(F %« G)(k)=H (k) = H (k). (6.29)

@ Springer



3046 Int J Theor Phys (2007) 46: 3030-3059

7 Solution to the Question of the Normalization of Gamow States in Quantum
Mechanics

As an application of the results of Sect. 6, we give in this section a solution to the question
of normalization of Gamow states in Quantum Mechanics. If we have a Gamow state that
depends on / 4+ m variables ¢ (ky, ks, ..., ki; p1, P2, - - - pm), and we wish to calculate

o0 o0
I(klvk%--wkl):/ / 91> ki, k2, .. kis p1y p2s -y Pu)dprdpa - dpy  (7.1)
—00 —0Q

we define

D(ky ks ki3 21022, 000 Zm)

! /OO.../OO ¢ (k1. ko, ... kis 1. p2s - Pm)
Qriym J_o oo (o1 =202 —22) (P — Zm)

dpl de e dpm (72)

and

Hy vy ymring.om K1 ko oo k)

@k,k,...,k;,, yeeesZm
:f % (i 2 IZI)\ZZ Zn) 7 dzidzy - -dz,. (1.3)
r r [cosh(y1z1)]*1[cosh(yaz2) ]2 - - - [cosh (Vi zm) ]

We have again the Laurent’s expansion:

Hy o ymring.om K1 ko oo kp)

= Y AR HILER ) (ko k) (7.4)

Ny,
and as a consequence of Sect. 6 we define:
I(ky ko, k) = Hky ko, k) = HO Gy ko, k)
=HO _ (kika ... k). (7.5)

Y1V2---Ym

As an example of application of (7.1-7.5) we evaluate

1(k) =/m ¢ak,r)dr = /OO e ¢k, r)dr (7.6)
0 —00

where ¢o(k,r) is the / = 0 function corresponding to the Square-Well potential used in
Ref. [11]:

—Si"flq’) ifr <a,
DD =1 o ke oy (1.7)
q
Here g is given by:
, 2m , 2m
q =F[E—V(r)]=k —FV(V) (7.8)
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and
0 ifr>a,
Vi = : -V, ifr>a. (7.9)
We can write:
sin(qr) sin(ga) gikan),
¢k, r)=[0(r) — O —a)] OFr—a)—— (7.10)
5 sin (qr) sin (qa) QRikia—r)
¢k, r)=[0() — O —a)] +Or—a)—— (7.11)
and according to (7.2)
1 .
@k, 2)= 5 ln(@ 2~ In(z >]Sm 0D LS penes, )
i
Thus we have:
1 In(a—z)—In(z) .,
H,, (k) = d
= 3=y f i in g2 dz
.2 _ )
— sin (.qa)e2ika% In(a —2) e—2lkz dz
2wig? r [cosh(yz)]*
1 a : 22 s 2 ) o) —2ikr
- _2/ swear) s qa) ez’k“/ —__ar. (713)
q* Jo [cosh(yr)] q a lcosh(yr)]
We can evaluate the second integral in (7.13):
[e’s] —2ikr —a(yr+2ik) A 2ik A 2ik
/ ¢ dr="% , YAEER YARAR e (714
. [cosh(yr)]* yA+2ik 2y 2y
Taking into account that:
lim —— w30 =0, (7.15)
=0 YA+ 20k 5 if J(k) #£0
we obtain:
L r* ., sin?(ga)
I(k)=H(k)= F/o sin“(gr)dr + 2k
_a _ sin(2qa) sin.z(qa) (7.16)
242 443 2ikq?
Using the equality:
k
cos(qa) = —i— sin(qa) (7.17)
q
we have:
1 +ikag*>—k* .,
1) = —— s (qa). (7.18)

This result coincides with the result obtained in Ref. [11].
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8 The Convolution of Four-Dimensional Even Ultradistributions of Exponential Type

The convolution of two even ultradistributions of exponential type can be defined with
a change of the formula obtained in Ref. [4] for tempered ultradistributions. Let here
be

0 [2 cosh(yok{)]~*0[2 cosh(yp) ]+ F (kY, p1)
HV()V)»())»(k S p) = 0 0
47T,0 roJrdJn Jn kO — k) — k3

x [2cosh(yok3)]*0[2cosh(y02)] G (K3, p2)
x In[p* — (p1 + p2)*1p1 02 dp1 dp> Ak dk3 (8.1)

ISE)| > ISED]+ISED],  I13()] > [30e0)] + 13(02)]

y0<min< 710 ;NL()), y<min( Nn ; Nn )
2G| 213(ky)] 213(pD)1 2[3(p2)]

The difference between

2p 2 2
—————dp and In[p° — (o1 + p2)°]
/;02 — o+ P

is an entire analytic function. With this substitution in (8.1) we obtain

F(ko, m)G(kO, 02)
y()y)»ok (k 10) 14 IO 0
rJr)JrJn —ky

x [2cosh(yok?)]—*0 [2cosh(ypi)]*[2 cosh(yok‘;)]—*o [2cosh(yp2)] ™

We can again perform the Laurent expansion

Hyyi00 (K, 0) =Y " HI (K, p)ag A" (8.3)

mn

and define the convolution product as the (A, A)-independent term of (8.3).

H(K) = HK", p) = HOO (K, p) = HOO K, p). (8.4)

If we define:

F(k), p)G (K3, p2)
vorror (K™, 0) o Jro S S, k0= KO — k0

x [2cosh(yok})]7**[2 cosh(yp1)]*[2 cosh(yok3) ] *0[2 cosh(y p2)]

1
X mpmz dp dp, dk§) dik3 (8.5)
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then

H}/()}/)\())» (ko’ 10) = /. L}/()y)»[))» (kos p)pdp (8'6)

2np

Now we show that the cut on the real axis of (8.1) hxok(ko, p) is an even function
of k% and p. It is explicitly odd in p. For the variable k° we take into account that
eiTroSEnSUN+SenSUDN — | and as a consequence (8.1) is odd in k° too. We consider now
the parity in variable p.

§ b Hpt -0 o)k dp
IopJr
+00
= [[ bt =p0a oy i dp
== § 16000 Ak dp
InJr

+00
=- / / hin (k0. D)K. p) dk® dp. (8.7)

Thus we have
Ry (K, —p) = hy (K°, p). (3.8)

The proof for the variable £° is similar.
8.1 Examples

As a first example we shall calculate the convolution between F (kg, p) =8 (ké —a*)8(p—b)
and G(ko, p) = 8(ki — c*)8(p — d). We have:

bd 1 1 1 1
H (ko, p) =
(ko. ) 16n|a||b|,0<k0—a—c+k0—a+c+k0+a—c+ko+a+c>

x In[p? — (b + d)?] (8.9)

and simplifying the last expression:

bd ko —a ko +a
H(k =
(ko, £) 8n|a||b|p[(k0—a)2—c2 (ko+a)2—c2]
x In[p? — (b + d)*]. (8.10)

As a second example we evaluate the convolution of F(ky, p) = 8(ko)é(p — a) and
G (ko, p) = % Sgn[I(ko)]e™ 8 (p — )

We have:
ac In[p* —(a+c)*] Sen[3 (kop) ek
Hyypigrn ko, p) = o— koo
8mp [cosh(yal*[cosh(ye)* Jr, [cosh(yokoz) 1% (ko — ko2)
In[p? — 2 00 ibkgy
- _eto] / : dko. (8.11)
47 p [cosh(yal*[cosh(yc)]* J_ o [cosh(yokoa) 1™ (ko — ko2)
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Taking into account that

o0 eihkoz ‘
]‘ )\. O dk — S ~ k lhko 8.12
me /;oo [cosh(yokon) 170 (ko — koa) 2 i Sgn[3(ko)le (8.12)

we obtain

ac .
H (ko, p) = s Sgn[J(ko)1e®* In[p? — (a + d)*]. (8.13)

9 The Convolution of Spherically Symmetric Ultradistributions of Exponential Type
in Euclidean Space

The convolution of two spherically symmetric Ultradistributions of Exponential Type can
be defined with a change of the formula obtained in Ref. [5] for tempered ultradistributions
Let here be

Hy(p) = % f [2cosh(yon)] ™ F(p)[2cosh(yp2)] ™G (p2)
InJn

X [0 = p1 = o2 =/ (p = p1 = p2)* — 4p1p2)dp dps. 0.1)
Again we have the Laurent expansion:

oo

Hy(p)= ) H"(0)X". 92)

n=—m

We now define the convolution product as the A-independent term of (9.2):
H(p)=H"(p) = H" (p). 93)

Let I:Iy »(x) be the Fourier antitransform of H,,, (p):

Hy(x)= Y H" @)W 94)
If we define:
fyax) = FY{[2cosh(yp)1 ™ F(p)}, ©3)
2,00 = F'{[2cosh(yp)] G (p)) '
then
Hy; (x) = 2m)" £, (x)8y.(x) (9.6)
and with the use of the Laurent’s developments of f and g:
fra@y= )" fPn,
v ©9.7)

ga= Y armn

n=—m f
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we can write:

Z AP (0n" = 2m)* Z (Z FARIEoT ">(x)> (9.8)
n=—m n=—m \k=—m

(m=my+mg)
and as a consequence:

0

A9 =) [P 0g . 99)
k=—m
We shall give now some examples.

9.1 Examples

The first example that we shall give is the convolution between F[p) = §(p —a) and G(p) =
§(p — b). We have:

Hy(p) = % f % [2cosh(yon)]™*8(p1 — a)[2cosh(yp2)] 8 (o2 — b)
InJor

X [0 — p1 — p2 = (p — p1 — p2)> — 4p1 p2)dp1 dp> (9.10)

whose result is

H(,o):i—j;[p—a—b—\/(p—a—b)Z—Mb]. .11

When a and b are real numbers, from (9.11) we obtain in the real p-axis
T 1
h(p) = 2—[(p—a—b)2—4ab]i. 9.12)
0

As a second example we evaluate the convolution between F(p) = E;(—iap)e’“ /2mi and
G(p) =8(p) = 2mip?)~!, where E;(z) is the Exponential Integral Function. We have

(o) = 7{% Ei(—iap))e' "8 (p2)
Hys 80 Jr, Jry [2cosh(yp)]*[2cosh(yp2)]*

x[p—p1—p2—(p—p1— p1)? — 4p1p2]dpi dps. (9.13)

After integration in the variable p, we have

H,,(p) = P1

1 P Ei(—iap;)e'™”
4p jgr] [2cosh(yp1)]* (o1 — p)
L[> p1e'

" 4p )y 2coshGonT (o1 — p)

dp;

1 e8] elaprt 00 elap
=— | ——— —ap +—/ dpi. (9.14)
4p Jo 2cosh(ypnl ' T4 Jy [2cosh(yp)l-(pr —p)
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After to evaluate the integrals in (9.15) (A — 0) we obtain:

H(p) = — — — el E;(—iap). (9.15)
dap 8w

10 The Convolution of Two Lorentz Invariant Ultradistributions of Exponential Type
in Minkowskian Space

For Lorentz invariant ultradistributions of exponential type, following Ref. [5S] we have:

1

Hy(p, A) = §7ip / / [2cosh(ypi)] ™ F (p1)[2 cosh(yp2)] G (p2)
nJn

X {@[3(,0)]{[111(—01 +A) —In(—p; — A)]

X [In(=p2 + A) —In(—=p2 — A)]

X VA(p1 + A)(p2 + A) = (p — p1 — p2 — 2A)?

y ln[ﬂ(m + A2+ A)—(p—pi—pr—2A —i(p—p1—p— 2A)]
2V (o1 + A)(p2 + A)

+ [In(ps + A) — In(p; — M][In(p2 + A) — In(p — A)]

X VA(p1 — A)(p2 — A) — (p — p1 — p2 +24)

y ln[ﬂ(pl — N2 =) = (p—p1 = p2+24) —i(p— p1 = 2 +2A>]
2/ (o1 — D) (o2 — A)

+ [In(p1 + A) —In(p; — D][In(=p2 + A) —In(—p2 — A)]

X {%[\/4@1 +A)(p2—A)—(p—p1—p)?—i(p—p1— p2)]

+ V401 + A)(p2 — A) = (p — p1 — p)?

y 1n[\/4(p1 + A) (2= A) —(p—pr = p2)2 —ilp = p1 — ,02)”
2i/=(p1 + M2 — A)

+ [In(=p1 + 4) = In(=p1 — A)]lIn(os + 4) = In(ps — A)]

i .
x {7[¢4<p. — A2+ A) = (p—p1— p2)? —i(p — p1 — p)]

+V4(p1 — A (p2+ A) — (p — p1 — p2)?

. ln[\/4(p1 —A)(p2+A)—(p—p1 —p)2—i(p—pi —,02)]”
2i/—(p1 — AD(p2+ A)

- @[—S‘(p)]{[ln(—m +A) —In(—p; — DHlIn(=p2 + A) — In(=p; — A)]

X /4(p1 — A)(p2 — A) = (p — p1 — pa +2A)?
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. ln[\/4(p1 — A (p2—A)—(p—p1—p2+24)> —i(p—p —,02—1-2A)]
2V (p1 — A)(p2 — A)

+ [In(p1 + A) —In(p; — A)][In(pz + A) —In(pz — A)]

X VA(p1 + A)(p2+ A) = (p — p1 — pr — 24)?
Xln[\/4(m +A)(p+ A —(p—p1—pr— 242 —i(p— py —/02—2/1)]

2/ (o1 +A)(p2 + A)

+ [In(p; + A) —In(p; — D][In(=p2 + A) —In(—p2 — A)]

X{%[\/“-(pl = A)(p2+A) = (p = p1 = p2)* —i(p = p1 = p2)]

+ V41 — M) (o2 + A) = (o — p1 — p2)?
Xln[\/4(p1 —A)(p2+A)—(p—p1—p2)2—i(p—pi —Pz)“

2i/—(p1 — N (p2 + A)
+ [In(—=p1 + A) — In(—p; — A)][In(p2 + A) — In(p2 — A)]

xi%wm + M) (2= A) = (0= p1 = p2)? —i(p = p1 = p2)]

+V4(p1 + A)(p2 — A) — (p — p1 — p2)?

Xln[\/ét(pl +A)(p2— ) = (p = p1 = p2)> —i(p — pi —pz>m i
2i/=(p1 + M2 — A)

2

X i [In(=p; + A) —In(=p; — D]{In(=p2 + A) — In(—p; — A)]

[ ./p1+A> ( . ,Ol_A)_
X — In{ i +In{ —i
(o1 pz)_ ( A 4]

+ [In(p; + A) —In(p; — A][In(p2 + A) —In(p, — A)]

[ . [A—p A+ Y]
(o1 — )m(_l —)—i—ln(z —)
L1 — P2 I A— A+

+ [In(p1 + A) —In(p; — D][In(=p2 + A) —In(—p2 — A)]

A+ p A—p
i=mln(FE5) (350

(o1 — p2)
+ 2

[In(—p1 — p2 + A) —In(—p1 — p2 — A)

—In(p; + 02 + A) +In(p1 + 2 — A)] + p2[In(=p1 — p2 + A)
—In(=p; — o2 — )]+ p1[In(o; + p2 + A) —In(p; + p2 — A)]}

X[In(—p1 + A) —In(—p; — A)]lIn(p2 + A) — In(p2 — A)]
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A—p; A+ p
onln( G50 (355

— )
+ (pl%[ln(pl + 2+ A) —In(p; + py — A)

—In(=p1 — p2 + A) +In(—p1 — p2 — A)] + pi[In(—p1 — p2 + A)
—In(—=p; — p2 — D]+ p2[In(o; + p2 + A)

—In(o1 + 02 — A)]]} } } dp1 dp,

T T
[S(p)] > I(A) > [S(eD| + 1S8(e)]; 7/<min( — T ) (10.1)
' 2 213(o011” 213(p)|
‘We define
H(p)=H"(p.,i0") = H)”(p.i0"), (10.2)
Hy(p.i0) =" H" (p,i0")A". (10.3)

—m

If we take into account that singularities (in the variable A) are contained in a horizontal
band of width |oy| we have:

o0 .
. n . (_lo.)n
Hys(p,i0%) = 3 HZ)(p,io)——, o > ool. (104)
As in the other cases we define now
{F*G}(p)=H(p) (10.5)

as the convolution of two Lorentz invariant ultradistributions of exponential type.
Let H,; (x) be the Fourier antitransform of H,; (p, i0%):

Hy(x) = i AP (x0)a". (10.6)
If we define:
fra(x) = F Y {Fyi(p)} = F{lcosh(yp)1 ™ F(p))}, 10
8y (x) = FH{Gya(p)} = F{[cosh(yp)] "G (p)}
then
Hy (x) = 27)* f (1) 2 (%) (10.8)

and taking into account the Laurent’s developments of f and §:

o0

f =Y fr@n,

n=—mf
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N (10.9)
g =Y grn
n=—m
we can write:
o0 o0 n
Y AP @ =@t Y ( > fPwer (x))A" (10.10)
n=—m n=—m \k=-—m
(m=my+my)
and as a consequence:
0
HO) =Y [P0 ). (10.11)
k=—m

10.1 Examples

As a first example of the use of (10.1) we shall evaluate the convolution product of §(p)
with §(p — u?) with o = g + ity a complex number such that: u% > 3, ugpe; > 0. Thus
from (10.1) we obtain:

2 _ 2 ) 2
Hﬁ(p’A):_inln( w? 4 A) —In( M+)»){l(,0 ’”[1( p— )

[2 cosh(y u?)]* 872p VAW + A)
+1n( u—p )] uz—p}_ .ﬂln(—u2+A)—1n(—u2+k)
V=AW + A) 167p [2cosh(y u?)]*

—ip?) A A u?
) { 872p [IH<J;> +1H<D)] " Tonp } (10.12)

Simplifying terms and taking the limit A — 0 (10.15) turns into:

WWAM=—WMPM+M—MPM+M4¥§%QMW—M)

+In(u® — p)] + 8;”“22/) [In(u? + A) + In(u?® — A)]}. (10.13)
Now, if

Fi(n, A) =In(—p* + A) — In(—p* — A)
then

Fi(u,i0%) =2im,  pir>pn3,  prpr > 0.
And, if
Fy(p, A) =In(u” + A) —In(u* — A)

then

F(u,i0%) =0, Wg > U7 prr > 0.
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Using these results we obtain:

o2 .9
H(p) = %[ln(p — 1) +In(u? — p)] + %lnuﬁ). (10.14)

As a second example we will evaluate the convolution of @[J(p)]e!“” (a real) with §(p).
The convolution can be performed in the real p-axis to obtain:

hyu(p) = =2 /OO o=l g, (10.15)
’ 241p | [2cosh(yp)]*

which can be written as:
T i d elapg P elap2
fyalo) = 2”1[,0%/ Zeosh(ron T 7 “L/ Zeosh(yon T >

i d/ etapz /*00 etap2 4 0.16
——— | ————dp ———————dp|.  (10.16)
pda ), [2cosh(yol* "> J, [2cosh(yp)] 2]

With the use of the results:

p eiar2
s,
—oo [2cosh(yp)]

(ia+yr)p i A i A
¢ p(o Aty latyh o ), (10.17)
ia+yAi 2y 2y
®© elar? elia=rip yr—ia yk—ia
/ —dpy = . F(A, , +1;—e2ﬂ’> (10.18)
» [2cosh(yp))] yh—ia 2y 2y
in the limit A — 0 we obtain:
eiap
h(p)=—— p (10.19)

and therefore, in the complex p-plane, the corresponding ultradistribution of exponential
type is:

. 1
H(p) = —% {@[S(p)]e“’” -3 ] (10.20)

As final example we evaluate the convolution between F(p) = (1/2)Sgn[J(p)]e'*’ x
cosh(p'/?) (areal) and G(p) = 8(p). We perform the calculation of the convolution in the
real p-plane and then we pass tho the complex p-plane. By the use of the Taylor’s develop-
ment of cosh(p'/?)

00 n
h(py =32 10.21
cosh(p'’?) ;M (10.21)
we obtain
1
G [(p = p1 = p2)* —4p1 2]}
hy(p) = Z / €118 (py) o PL L) IO 4 i,

2p = 2n! 9a" ) o [cosh(yp1)]*[cosh(y p2)]
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X \n o 00 Liap; _
Iy GO e, (1022)
2p = 2n! da™ J_o [cosh(yp;)]

By means of the use of equations (10.17), (10.18) and in the limit A — 0 we obtain:

_ ( l)n " Iap
h(p)——n<l+—%>§ 2n! 3a"< a ) (10.23)

and consequently:

B S I S R O L
H(p)_n|:< ) da 25gn[o(p)]>2 2n! 8a"( a >:|

n=0

[o] .
b4 i" (n+1)!
+—E ol g (10.24)

As an example of the use of (10.11) we will evaluate the convolution product of two Dirac’s
delta: §(p) * 8(p). In this case we have:

[cosh(yp)]* 1
F - _ - — 10.25
vr(P) 2mwip 2mwip ( )
and as a consequence:
Sra(p) =38(p). (10.26)
The Fourier antitransform of (10.26) is:
. 2
S (x) = (2n)3x . (10.27)
Thus we have:
)= e x? (10.28)
YA (2m)b '
From (10.28) we obtain:
4
f 2 () = s (10.29)
and taking into account that:
3
FlxY) = > Sgn(p) (10.30)
we obtain
3(p) x8(p) = = Sgn(p)- (10.31)

11 Discussion

In a first paper [3] we have shown the existence of the convolution of two one-dimensional
tempered ultradistributions. In a second paper Ref. [4] we have extended these procedure to
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n-dimensional space. In four-dimensional space we have given a expression for the convo-
lution of two tempered ultradistributions (even) in the variables k° and p. In a third paper
[5] we have defined spherically symmetric and Lorentz invariant tempered ultradistributions
and we have given the formulaes for the Fourier transform and four-dimensional convolution
of them.

In this paper we have extended these results to ultradistributions of exponential type and,
in a intermediate step of deduction we have obtained the generalization to ultradistributions
of exponential type in Euclidean and Minkowskian space of dimensional regularization in
configuration space (Refs. [5, 8]).

Furthermore, as an application of our formalism we have solved the question of normal-
ization of Gamow States and we have given an example.

When we use the perturbative development in Quantum Field Theory, we have to deal
with products of distributions in configuration space, or else, with convolutions in the
Fourier transformed p-space. Unfortunately, products or convolutions (of distributions) are
in general ill-defined quantities. On the contrary, the convolution of ultradistributions is a
well-defined quantity and the corresponding product in configuration space is a true product
in a ring with zero-factors.

In physical applications one introduces some “regularization” scheme, which allows us
to give sense to divergent integrals. Among these procedures we would like to mention the
dimensional regularization method (Refs. [12-14]). Essentially, the method consists in the
separation of the volume element (d” p) into an angular factor (d$2) and a radial factor
(p"~'dp). First the angular integration is carried out and then the number of dimensions v
is taken as a free parameter. It can be adjusted to give a convergent integral, which is an
analytic function of v.

Our formula (10.1) is similar to the expression one obtains with dimensional regulariza-
tion. However, the parameter A is completely independents of any dimensional interpreta-
tion.

All ultradistributions provide integrands (in (6.1), (6.27), (8.1), (9.1), (10.1)) that are an-
alytic functions along the integration path. The lambda parameters permit us to control the
possible exponential asymptotic behavior (cf. (2.25)). The existence of a region of analyt-
icity for A, and a subsequent continuation to the point of interest, defines the convolution
product.

The properties described below show that ultradistributions provide an appropriate
framework for applications to physics. Furthermore, they can “absorb” arbitrary pseudo-
polynomials (in the variables s; = e*), thanks to (2.16). A property that is interesting for
renormalization theory. For this reason we decided to begin this paper (and also for the
benefit of the reader), with a summary of the main characteristics of ultradistributions of
exponential type and their Fourier transform.

As a final remark we would like to point out that our formulae for convolutions are
general definitions and not regularization methods.

References

Sebastiao e Silva, J.: Math. Ann. 136, 38 (1958)

Hasumi, M.: Téhoku Math. J. 13, 94 (1961)

Bollini, C.G., Escobar, T., Rocca, M.C.: Int. J. Theor. Phys. 38, 2315 (1999)

Bollini, C.G., Rocca, M.C.: Int. J. Theor. Phys. 43, 59 (2004)

Bollini, C.G., Rocca, M.C.: Int. J. Theor. Phys. 43, 1019 (2004)

Hoskins, R.F., Sousa Pinto, J.: Distributions, Ultradistributions and other Generalised Functions. Hor-
wood, Chichester (1994)

Al

@ Springer



Int J Theor Phys (2007) 46: 3030-3059 3059

7. Gel’fand, .M., Vilenkin, N.Ya.: Generalized Functions, vol. 4. Academic Press, New York (1964)

8. Bollini, C.G., Giambiagi, J.J.: Phys. Rev. D 53, 5761 (1996)

9. Gel’fand, I.M., Shilov, G.E.: Generalized Functions, vol. 1. Academic Press, New York (1964)

10. Gradshtein, L.S., Ryzhik, I.M.: Tables of Integrals, Series, and Products, 6th edn. Academic Press, New
York (2000)

11. de Paoli, A.L., Estevez, M.A., Vucetich, H., Rocca, M.C.: Infin. Dimens. Anal. Quantum Probab. Relat.
Top. 4, 511 (2001)

12. Bollini, C.G., Giambiagi, J.J.: Phys. Lett. B 40, 566 (1972)

13. Bollini, C.G., Giambiagi, J.J.: Nuovo Cimento B 12, 20 (1972)

14. Hooft, G.’t, Veltman, M.: Nucl. Phys. B 44, 189 (1972)

@ Springer



	Convolution of Ultradistributions, Field Theory, Lorentz Invariance and Resonances
	Abstract
	Introduction
	Ultradistributions of Exponential Type
	The Fourier Transform in Euclidean Space
	Examples

	The Fourier Transform in Minkowskian Space
	Examples

	The Generalization of Dimensional Regularization to Ultradistributions of Exponential Type
	The Euclidean Case
	The Minkowskian case

	The Convolution of Two Ultradistributions of Exponential Type
	Examples

	Solution to the Question of the Normalization of Gamow States in Quantum Mechanics
	The Convolution of Four-Dimensional Even Ultradistributions of Exponential Type
	Examples

	The Convolution of Spherically Symmetric Ultradistributions of Exponential Type in Euclidean Space
	Examples

	The Convolution of Two Lorentz Invariant Ultradistributions of Exponential Type in Minkowskian Space
	Examples

	Discussion
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


